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NATIOBAL ADVISORY COMMIZTEE FOR AZRONAUTICS
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NOTE O THE CALCULATION .OF BOUNDARY LAYERS*

. . : "By L. Prandtl
SUMHARY

The propertles of the solutlons of thke hydrodyranie
equations of viscous fluld Yy "bourndary-layer omission®
are discussed. A nethod is i1rdicated for the nunerical
deternization of the solutlon for a known initlal proflle
u(xy,,y) end pressure distrivution p(x) within the region.
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1. INTRODUCTION

In flows with scall viscosity (large Roynolds nunber)
the fleld of wiscogit is frecuently restricted to a snall
zone 1a the aeigibocrhood of the body surface. To facill~
tate tae caiculation 1in this case, the following assunp-—
tions ney Me nade:

1) Ia tho frictionsl zone, torced "touadery layer,”
only the sircrges’ terms of the viscoslty
force pAu are taken into accounst (thws, for
irstance, o2 the =x compoanert of thls force
pAu <~ when the princinal direction of flow
nerallel to the well 1s chosen as x dlrec—
tlon, erd that at right angle to it as y di-

G2 a d2u
z oand e 2
os

rectlon - 1 are neglected

ox
relative to " p ﬂig.
oy

2) Outside of the boundary layer the flow 1s treated
as frictionless and, because of the small ox-
tent of the boundary layer et right angle to
tke wall, the pressurs in this layer 1s equated
to that which the related frictlonless flow

*1Zur Berechnung der Grenzschichien.® Zeitschrift fir
sngowandte Mathonmatiic und Mochanik, vol, 18, no. 1, Feb.
1938y pp. T?-82. (Special Reprint) :
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rould furnisk on the wall.* Tho trifiing
tiotion of the pressure with the well distance
within ths bouadary layer is dlisrcgaerded,
hence the presaure coansldered as a given func-
tion of tho coordinates (x cnd =). .

Fir an average spced u of thoe orter flow &nd a
flow longth 1, tke calculatgon gives focr the "doundary
layer tkickaess" § +the order of magnltude

1 vl = 1/A/R (v = p/p = klncmetic v;scosity).
u
o

For the two-dimonsloaanl casoc with x = ore leangth
reasurod along tho woll 1a flow dlircection and y = verti-
cel distance on the woll, the cqueticne road:

GO P R (1)
ot "3z vay p x“’aya
ou ov
__—-+—_—“‘=0 : (.2)
ox oy
/3u

Cf gexmeral 1atoerest is the staticzary cose =0 ),

\ ot
cbout which nuck as deon writier (see rofcreace 1), ol-
though thero s51ll 18 no sctlsfactory; solutlon for one
inpcrtont ospoet; =wopely, tho furtlier develonsort of o
glron volcclty rrofilo Hy glvern pressure distribution,
This probica Fforns the subjoct cf thec prosoent {iscussion.
Ia nntheuntical languago 1t is cxpresged os follows:

Givexi: tke volocliy prnfile u(xo.yf for the initial
scction =x = x,, end, in additlon,

i 8n vf(x) for-=x < S
p:'i.x-

To find: ufz,y) for = > x,.

*More Hreclsoly, tke frictionless flow skould be take=n on o
body talckened up by the displaccnent thickncss
. 8- . -
8% = —— (u, - u)y dy X
uy
0
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2. PROPERTIES OF THE STATIOTARY BOUNDARY LAYER FLOW

- - n e
~ ' L ome - re

The knowa solutions contribute nothing to thls problea
bocouse thoy contaln neroly expansions 1n powors of =x
fron an initial section, wicrecin u =0 or wu = const
(etognotlon~point flow and flow past an edgo with sero
edge anglo). Or the other hand referonce nay bo nade to
the fact that - discounting the caso of breck-—away of
flow - tho osxlsestoancs of the soclution is physically evident:
a boundory layer proflle croated during aay proceding
poriod nust, 80 long o8 no separation occurs, contlnuc to
doevclop in sone way orocthoer.,. Thoe nathcematical answor to
thlis quostion, which I alrecdy nold at the firet nathe~
naticnl congross at Heidolborg in 1904, is as follows:*

By tao use of oguatlorn (2), u%?-+ v O 34 ogquation {1)
x e
. ou . ov 0 /v
nay Ve rowritten os: v - u = = u? = = hone
o -2 o \u /S o
¥ 2 .
v 1 o u
TV = (f(x) - _L) iy + o(x) (3)
Jy 4 "’

% 1s .tho slopo of the strecanlino towerd tho x axis.

If t:zo a2xis 1tseclf is tho wall, then % =0 for y =73, = 0,

1.0., ©(x) = 0, Asg & soccoadary product, it is scon that
in oquation (3) tae caso of o (slightly) wevy wall 1is zlso
includod, which 1s diffzroent frem tao x oxis. It is,
thexn, . '

s idye v
- ' dx-é(ﬁ)

TP
L ' el

*In tho toxt ¢f the spoech at tho III Int. Math. Cong.,
Loipziz,1905, and in the new oditlion by Prandtl-Boitz oa-
tlitlod: Vier Abhandlungor zur Eydroaynanik uad Aerodyncnik,
G3ttingon, 1927,.p. 487, it ronds: if, as usual, dp/dx

ie givern, aad, in nddiltion, tie curve u for the initial
soctlon, cvery such problom can be nunericeallr dealt with,
by obtaining through quadrntures frocm sach w the relativo
du/ ax; in this pnamner 1% 'is zlways possible to move a siop
forvard in tho x diroction with the ald of ore of the
known approxincte mothsds. A difficulty existe of course
in differeat singularities occurring on the fixed houndary,

e
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7o(x) = ﬁ@(x) ax

on

which leeds to

ng oquation for the wall, This sccondery rcsult can also
bo cxnressoé so thnt, if u(x,y) is a scluticn of the
systoa (1), (2), u(x,y - 7,{x)) 4itsolf is a soluiioz.
¥aturclly, this con olso Do proved direct froo (1), (2).

Tre significance of sgucticn (3) for our problen,
howovor, rosts or the fact that ov/3dr and koace Ju/ox
con bo obtnined by mouns of equation (2). Fer @(x) = 0,
it 1s

n .
Bu . o, 3 2 (-2 P2 Yoy ! 4
== V353 [u/ —-f=) + — oy | (4)

Tho right—-hond .sido of this egunaiion merel; contalns dif-
ferontiction and intogration with respect to ¥y, and is
thorofcro armoaablc to conploto colculation for ar initial
prcfiiec u = ul(zy,y), fcr vhich it yields Ju/ox aand with
i1t tho possibility of continulang with repscect to x, pro=-

vided that -%E ieg rostricted. it gives n new u for

X, + Ax:
. . ou
w(xzg + 6%, ¥) = .u(xg,57} + g;(zo,y) Ax

Tko nothod coan be ropecatod for this dew proflilc and ylelds
o uf{x, + 2 A x, y) etec., ttus wroving the existerce of
tho sqiuticn for all zones whorelan u rencins posltive,
On the otlher hand, it is readily appareat that tke nothod
faills if u prsess arcywhers through zero, whero tho in-—
tegrond bceoades gquedrrtically infianite. Fow, however,

u = 0 cloag the wall, that is, for o(x) = 0 along axis,
x, bcecausd of tlko ndlhorcenco of tho fluid to the wall. Tho
condlitlon 1s amellioroteld becaunse v toecormos ot the sano
tine quairatizally zero.* Iow, a giance at cgaation (3)

ou -

*¥ish ﬁ, S5z = 2% wnlso, for y = 9 ' Yut v = - . %& iy

becoausc of equation (2).
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1<

jmdicotos tnat tae functilon h “iq_fegqlar only whkon the

This-étipulntos that,

o ﬁ

- - Ytrtogrand-ls cveryvhere finit

. 3. .
on tho wall. tho cxprossion F(x) -,@—% queératically

3
discppears, l.0., thaot ( = £(x) and (-g—y—% = 0,

I=Io

. LY
' 179 u
5 Mho ovolueiicn of tho "1in" thoa gives - —={ -—1V/( > )
t , 2\ v % \o7 =xg
' for wilech oquation (4) givés tho liniting vcluo of

.]_-(il.) for X = X4, ¥ = 0 at- +v( B u\ « 4nd
¥y \ox y / ”
' X=Xp .
this neccas thot
1) Thc socond and thz third 4iffereatinl quoticnts of

tto initial prafiloe for ¥ = 0 ccanot be arbi-
trary, dut ratier nust be = f£(x,) ~né O.

2) The fourth Aiffoercntinl cuotient at y = 0 1is de-
cisivo for th2 further develonmcont of the pro-—
fils.

For o coatonglcotecd scecond stop, thoroefore, the initicnl

N 4
profile u(xgy,¥) +(§—E; Ax alrocdy contalns _3__7}1_. The
aI/ I:J\'_O ay

nov "1in" considernation shows thot the fifth nnd tho sixth
differoztial quotiexnts are cgalr bourd and tio success of
the sccond s%or; in well proxisity doponds on the seventh
differential quotiont of uhe initial profile at y = 0!
dow 1t nust be considerod how, for instance, tho sevonth
differontlel gquoticent 1z to Do deterrinod on a tadulated
function, and ot the oaxo ond cf tho table of funmctlons at

that. A4nd all thnt 1s nccomplished hore ara btut two short
steps.

02 top of thas the bHonds! It is soon fron oquatlon
(3) or (4) thot a viocleilon of .the bondé ‘loads ‘to a siagu-
lar beaavior of tho solutlion ct points 'x =" x5 and ¥ = O.

Two questions arisc: -

1) Eow ig %20 vicilous action of the equation syston
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(1}, (2) in the viqinity of nlaces with u = 0
to bo mnderstcod §

2) Of want type aro the singuiaritics which occur on
n regular, but tho bonds violatiagz,initial
»rofile ?

3, PEOCEDTRAE OI SOLUTION AT PLACES WITE u < O

At this instnnece it 1s first tc be statodthat the
Havler-Stokees cquntions rnro elos2iy relatodl to the tilihor-
aonic ecuations (LZAF = Q), whenco tho soluticns within ihe
zorne arad rlwoys anclzytic. The Intrciuctlon of thae bound-
ary layer onieslone, Jcwovar, r2presoents a characstor-
changing interveation. The struciure of equation (3) it-
sclf 1indicntos the prosonco of characteristies (nenmely,
thce strnight lines jiarnllsl tc axis ) along waich dls-
cortiauitios cceur, if f£(x) or p(x) kavo éiscontiaui-
tiegs. This points therefcro to o pera™olic character.
3r o csatact traasfernation Ty aocns of whilch thoe streoan
functica ¢ 1s i1atroluced ns an independont veriable,*

‘ tho case becomas clearer. Poetlng

a=2Y gng v=20¥ cauation (2) is identicnlly satis—

or ox’
fied. Vrlting the new coordinatos £, n 1in place cf x,¥
ir eauction (1), ond pestinzg £ = x, 1 = v givos

*In tlic sprizg of 1914 I wrs oceupleld with ihe flow through
nearrow channcls oad fourd, wken applying thc usuecl boundary
leyor cquations, somo Alfficetvlty in forculnting the linit-
ing.cozédltions u = v = 0 on thac sacond e gee I thercfore
pttenptod So latrcduce thz strezam function as a:x independent
variatle, zlnce %the two edzes now sinaply read v = 0O and
W= Q = coart. ZEguatlor (Z) was subsecueatly reciscovered
br Voo Hiscs aad roported &t itho Eilssirpor meetirnz of the
Soclioty for Applicd HMathcnatics and ilecihanics 12 the fell

of 1927 (Z.f.2.M.K., vcl. 7, 1327, p. 423). Siacc I feilod
.t that tine to publisk ay own celculation rothodld, Vo Klscs
Lhas t:craforo the usuel priorit;y. For tho rost, tho rocdor
is rcferrod to ny renerks incidental %0 Von Hises! rcporst

ir t:is poriodicel, vol. 8, 1923, pp. 249 cnd, particrvlary
scction 2, Z2E0. .
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22_gudt, 2 2,3

ox  OF on ox ot
ou _ ou of ., 9u on du
o o929 L, 98O0+ u
oy ot cdy on 9y oV s pr 2wt
vhenco from equation (1) Foilows
. E_a: Qu_h:—
w2, ldp 3 2uy  OF “"‘o
EY par T Phag\tEy) %, e
3 Da oy 3F

n + 2%— (the vanishing anount

The "total prossuro" g

va
EE_ heing disrcgarded) 1:trod-iced acrein and X suostl-

tuticg for ¢, and postlag vp = u gilvos

> % B aaa: >i L (e
g g
ox Ay S Vi dG (5)
syt

whore u =./2(g - 2, (x))/p. 3Zquetion (5) is then a aiffor-
eatinl osquetlor waich is closa2ly rolated tc that of koat
conrduetion (y 1rn place of bar longt: aad =x instoad of
tine), aré of tho parabslic typo of whiex is iknown that on
it =~ prowitiouns dlrcction with eonalytlcnl dlisarpecarance of
tonmporaturc difforoncos, cte. (incrocsiag time periods)
exlst, but ot the scme tipe also o deletericus direction
with occurreaco of singulerities (cxtropolation to states
hich with rospect to tine are before tho givon initial
distridbution).” Oz ocquation (5), similar to the prodlom of
hoect conduction, tie devolopment with rcspect to 1lncreos-
lag values of x 1 propitlous so long as p 1s mnmositivo.
But waore © 1s aegative, as boalad tho broak-owar roionst,
tho dolotorioune strnte bogins. Phrsically tals moaus thot
tho wall-adJocont #¥luild perticles bobhind the troak-oway
point move fron grocter itoward smallor =, wkozco tkelr
volocity distribution doroads upoan tha phenomena'ls taklng
pleoco at thesco ‘greator x  volues. Abttonpts to defline

®*nHow should tho 2istributlion havo looked before a mizuto
(or hour) 12 orloer tiant thoe nomontary zoruniform tompera—
turoe ‘distribution origizntes from 1t" (ovidontly froguontly
an unsolvable problonl).
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then froo tho states ot smaller x 1ls, ot best oa a par
wltk suossing ganocs. In otho? words: the corroct svbso-
quent dovclopnent of the flow confornming to obsorvatlons

aft of tho "oroak-awany nolnt" 1s predicatod on the caroful
soloction of cur function f£(x) +to fit tho dcsired procoss.

As concerns the bdolhovior of the bouncary layor oa tho
wall itsolf irn the "mornel rogioa™ (u>C for y > 0),
the naalirtical coatiauction of wu in tko raglon of nozgo~
tive r 1lends to negative vrlues of =u, 17, as stipulatod,
ou
oy
toward singularitlios alsnz the w2ll i3 thus cexplalned b7
tho foet tant tho caalytic-l ccntirnuation taroush thoe well
loerds 4into o Ydotrimantal zoznef? To tac oxtout that power
szrloes vilth respect to ¥ ~nre ovalladlc for scrnarato solu-
tions, the cxtrapclatlen carn o ackiewes, - It saows 12 tho
zoz> of nogaotive F o coantinuous ascent of the function

7voluos, such os 7 o% T3 4 sinilnr functicns,.

1s zositive fcr y = 0. Tho terdoner of theo sclutlon

4, SOLUTIOI 3Y VIOZLARIOY OF THE "30NDSM

Tor 2 lcag tine I ussuccossfrlly sugzestodl the problon
cltod ot tho ond cof scctlion 2 as & tlesis for a degreco of
dector until 42 1923 Dr, S. Golistein, Canhridge (Enslonad)
ns sclcatific juost of tiis Institute unferiock this prodlon
aen? exmlorel 1% thrroughl:. “e slasuloritsies inducod by
on initial profile violating "bHonds" ore of algebroic no-
turo. I% 1s found tict every.izitial profile lovelopable
in powor scrieos for ¥y Ffurnlshes for o ziven Ap/dx -cos
whole functlon a saelutioan which cppoars as powor scries for

9: - Xg 3 tho power coofficianis themselvos boing functions
-

third order, {(Dotails noy g9 fourl in Goldstciz's roport
entitlo: "Coacerniny somo scluticans of the boundary leyor
cquotions Ia hydrolyranics," Proc. Caabr. Philos, Scca,
vol. 25, I, 1830, p. 1l.) TFor tko problom ia hcoand this
nothod of selutlon does not appoer tc bs innosdiately apnli-
cablces and cvon if 1t cculd bo coantinuoed, the gain would
nov be ouch Decouse 3n functiors wourld haove to be fornulnted
in ordor to reach the nth power of x = x5 azd that in-

volvos o furtkher incroase ia tko anount cf paper work with

3 -
ovory power of X = Xge Gol;stoin}figurod with throe tornos

and ovoa then regulred vory complicntol developmonts in or-

of deflaad by diffecrential oquatioﬁs ¢f tho
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der to establish the conrectlon with the gliven function
values, EZe thus recched oanly the linsar tera, whonce the
“step ~AZ . would have to remaln,very amall so as not to
introduce iaadmissidble orrors. The new profile would then
hove to te ropreszertel agailn as power sories of ¥y in
ordor to premare tho next step. The whole procoss would
thereforc “ocomo extrencly latorious and hardly profitable.

Thoro 1s thoreforc thq greatest latorest for contlru-
atlon with Zntegral powors of x, And tho sunbsoquont argu-
mnont nakos tho prospects for - o practlcal way toward thils
ond, aprecar hopoeful. If 1t 1znvolved +ho continuatlicn of
o solutloa alroead; ackioved by o provious mothod for a
conplotoly rogular course of the pressureo groadlent, tho
collective bozis should, by rizorcusly effoctocl calcula-
tion for tho rroecolla; soctlon alrealy bs satizficd in the
0:d pruefilo wkile: 1s %0 scrve ns iziltliel profilo of thc
aew sectloan., Thor nro nct exactly such 1in reality, for
the sorlos oxpansion iIn x 1s eltker stoppel oftor o con-
paratively low Ltaorm or olsge numorical inczcuraclos =nave
occurrod., So, oriclianarzilr, it will carcly bccoae o oathor
of racstatliching the Lorndlam eoadlitions by very slicht
chonges 1a tho given initlal profile, after vhilizh the con-
tinuation 1iu interral Dowors cf x nay procced.

Do question, hov ovontucl errcrs nade by this snift-
iag of the profilc affoct the subsogquont ateps, is in order.
this wlll involve mostly such derarturcs from the unkunown
oxpcv formn, nrow winlding~ wositive, thon rsgotivo, arounc

the oxoact curvo. Accordlaz to tie thoory of hont conduc—
tion, sucihh skori-—wovo fluctuotloans in thoe texmporaturc dis-
trivutiocn dio out rolintively quickly. Heaco oanly tho prox-—
iri%r7 cf the value u = 0 noeds spocial study, and for

this wvery rcason I suygestod the case of a srpall disturbeace
€ oi oscillloting courso superircposocd on a velocity profile
of the slaple form u = =2 y. Stipulcting, for reasosane of
sicplification, that € skall bo of tha form e = £(z) o(F),
‘At follows froa sysiens {1),(2), after lincarization, thas
1t 1s nccvssary to put (x) = o~%*, For op(r) tho diffor-
ential cquatlion tkon zivoes

aayei(y) + vom(y) =0

vwhicl iz colwvold 'ty

el(y) = A‘/ vNTF ‘7-1/:5(% %E y:s/2> a

c ny )
32 o, o
+B_/../y J+1/3(§/_U ys j:ly+c
/
-0
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(This solution was supnlied by my co-worker, Dr. H. G3rtler.
He also adduced the proof that a solution for f = ot aX
satisfying one of the limiting conditlons does not exist.)
Of these expressions, aowever, only taat with A satisfies
the linmiting conditions @(y) = 0 and o!?!(y) = 0; hence
the phrsical solutlion in questlion 1s restricted to this
term. The power expansion of ¥y gilves a term with ¥y,
another with y‘. one with y7, etc., as corresponds to
the bonds for the case £(x) = 0. As for the rest, the
functlion oscillates with decreesing amnhlitude and decreas-—
ing wave lezgth for 1increasirg y.* Tails bohavior of the
solution ma; therefore be cited as proof that, by any small

orrors of (%E> 12 the velocity profile omployed for
¥=o0
contlnuing the solutlon, no aftoreffecis exccediug tho
amount of tlioso errors aro oxpociod so long =as (91N
p'.. & \ﬁ/y:o

1s pozitiva,

5. TEE I29W MITIOD

In ordor to gala n clonr plan for the fineal nmothod,
the srstom of tho boads 1s first oexplorcd by moans of an
cxpoasica of uwu in powers of ¥ b7y insertlon 1a the sys—
tem (1), (2). Supposo that

2 k
az¥ ¥
11=.'.‘.1;',‘+ 2' +pn+i1r_'—+-..

whero 2,e¢.e2) rorrogsont functlions of x., Difforeatla-
tlons with rospect to x ©Dolaz donotod by dnshos (ali,

etcs); l-%f = p £(x). I% affords in ordor tho folloving
.p- L
interrclations, if ocach a; with n > 1, whorever 1t oc-

curs on t:eo right-hand side, 1s rcplacod by 1ts vcluos
glven sevoral lincecs abovo it ’

*Tho asymptotie fernula for Ji1/3 givos a dlisappoaranca

constornt a = ————JL——E arfl ~ wnve length A proportional
ay (a/2m)
1

to -‘W.
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a, (freo), o = £ (ziven), a, = 0 (given),
—_ " . . 2 2
a, = % oia;' (frec), ag = 5 eif! (givenxa ), g = 5 ff1(givon),

1'a£'3)-(frco)

a, =-v%(4 22® o't d-a
If tho gcrilos 1s stopped at tkls polnt, tho throe frae
velues o4 04y 8, can ba obtalned from throe linear equa-
tions, by proceédlng from tihoc u values rolated to throce
fixed valuos ¢cf ¥. Tho first to the soventh powors of tho
threec ¥ +vecluoes ore computed beforekand aad used agala for
every stop. Posting a,; 1n a, givos a,', a, and a,?
ir 2, «,¥%. Witk tliose vaolues

ag! = % (alnl" + al'z) can stlll be computed.

T.e whole nethod coz be roefined »y subscqueat conpu-
tatlon cf the torms of elzhtk and ninth powers .rith

Bg = == (10 8,® 21! = 13 nj0, 1 21 + 3(ay0)" + a,'2) f_'
2
and
1
fg = ;E (40 o, ff!! ~ 16 o f72]

for the threco ¥ vnlves, ond thon by calculeting ag~in

81, C4y ANG ap from the givon threeo u veluos {(to be
ropeated, if nocessary, by lterntioa). Tho most appropriato
cholco of the threes ¥y volues 18 subject to a specicl
study. It will likxely bo found appropriatoa to procecéd dy
first obtnrnining o first approxirntioan of &a, from an ordil-
nato y,i then of o, by roans of ¥y, and y , azd an
lpprovenoant of eo,, 1lostly a, with thres 7 valuocs, on
inprovonoat of a4, and o sccoad improveacnt of aj. By
this rcoethod tho second.stop con be extondod to a4, tho
third to ag, tho »preceling approxinotion ¢f a; and ay,,
rospecctlively, telag cach tino posted in- the highker torms,

T'oadironsicnnl éoordinntes nay bo chosen for the
?unari7al calculations, Dy wilch, 1a place of yp tho unity
X =x/1,

. Y =5 uptl, U= u/u)

suostitutes.
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This nothod does not furnish a,';: hence 1t cannot bo
continuod withcut contact witk anothor nothod vhich sup-
plios tho dovolopaent of tho voloelty profilo on tho insido
of tho fluld. For it, however, tho rulo glver ia oguatlon
(4) or olso that of cguation (5), which prodadly is oven
noro sultadblo, is avallablo. This norely noods to be con-
pleted by o tronsition betwovn ¥ and Ve

/“ oy
F(g - P) = 'T_J_'

Bcocauso of

u =
we havo W
¥ o= Q(Z) + [ d w/'u. ;
Posting heroin Aﬁl
g = g(x,) + Az (Qﬂ = glx,) + &x u(ﬁ QEE)
Ox/x=z, _ P /x=x

to bo inprovod, if nocossary, aanlogous %o the Runge—~Kutta
nothod), tho y veluo related to cvory ¥ or wu 1is lnown
up to tte unknown value O (x, + Ax). Tkis denoteos a par--
allel skift of tho velocity profile odtoired end can beo

so deterciancd tnat tho profile corntianucusly Jolns tho woll-
aCJeceat profille obtaiacd by tho other rethod, Provision
fcr o wide ovorlap of both prcfiles nust dc rmado, whickh
thus affords the rocans for tho doternminction of tha coofe
ficient a, for tho ncxt stcp. Conversoly, tho conncc-
tion for tihe coatiruation on tho inside 1s nlso inportant,

2
since tho nusoricnl doternin~tior cf gaé on tho edgo of
o

the roglon would occa timc he aeccorpnaied HF o loss in
wildth unless tho coursc of £ 1n the cdge strip is in-
cluded. '

Haturclly, tho step of x5, + Ax can he oxccutod clso
aftorvcrd ia tue wall-cdjacent. strlp Tackword toword x4
accorling to the cld methosd and a correction of the socoand
ordor dorivod from thce Heviutions' (if nacoessary nlso four
stops beack azd forth, so az t2 lowor tho orror of tho step
tc tho fifth ordor, cs ia Rungo-Kuttals nothod, which thon
naturzlly orablos tac cholco of zronter steps Ax).

Tho nothod, ovor os Jdoscrived, is not oxactly sinple,
but 1t should givo nore reliable rosults, Its prectical
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approvzsl 1s held in aboyanco penlirg the findings of the |
= ..- Ralgor Wilheln Instlituto for Flow Rosonrch. It 1s oxpoct—
od that tho continuatlon can be carrisd on to tho broak-
cwey point oand probably o little boyond, 4A study of tho
conditlons on tho breck-away point {a; = 0) shows that

a,' assuzos tho forn -%, sinco a, alonz with a, Do-

conos zero. But continuaticn is possible 1f a,'! and ot
vhich here bocomes = u,'3/y,- 18 oxtrapolatod as far as
tkat place. Fron the break-swary point x = x,, 1t prob-
ably wlll bPo possible to perotrate a little farther with

on oxpcoslon in pewors of x =~ x; and ¥y, tho coeffi-
clonts of vhich ore given b the continuous conaection
wlith tho reglon =x < x3, wheore, by tkat timo the courso

of £{x) will havo to %2 chcsoa cn the promisc 3hat a
doad-air roglon shall occur.

Traaslaotion by ¢. Vanicr,
ictlonal Alvisory Cornittoc
for Aoronautics.
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